Asymptotic behaviors of the so-called force functions, dispersion integrals over left-hand cuts of partial-wave amplitudes, in pion-nucleon scattering are investigated. By virtue of the exponential decrease of fixed cos 8 amplitudes for s-?+oo with Ieos 81<1, the left-hand cut contributions to these amplitudes, from which we obtain the force function by doing the partial-wave projection, can be evaluated in terms of the right-hand cut integrals. The empirical formulae for high-energy scattering are used for evaluating these right-hand cut integrals. The two cases are considered, in which Krisch's formula and Orear's one a:re used for the large-angle scattering, respectively. For the case of Krisch's formula, it is found that the asymptotic behavior of nN force function for any partial wave is dominated by the contribution from a diffraction-scattering term and this contribution gives rise to an attractive short-range force, and that for the P 11 state, this attractive force seems to be somewhat weaker than that required in the previous N/D bootstrap calculation. For the case of Orear's formula, no definite conclusion is obtained because of the possibility that large angle regions give rise to large contributions. § 1. Introduction Many important investigation; and suggestions as to the bootstrap hypothesis of hadrons have so far been done by making Nj D calculations of various partialwave amplitudes. It was, however, hard to draw any unambiguous conclusion, because of the lack of our knowledge on short range interactions among hadrons.
Many important investigation; and suggestions as to the bootstrap hypothesis of hadrons have so far been done by making Nj D calculations of various partialwave amplitudes. It was, however, hard to draw any unambiguous conclusion, because of the lack of our knowledge on short range interactions among hadrons.
In this theory, the whole nature of dynamical force acting between the underlying two hadrons is condensed into the so-called force function B~ (s) which is the integral over the left-hand cuts·-of the partial-wave amplitudes. Today, most physicists may recognize that not only contributions from nearby singularities but also those from distant ones are equally important even for the calculations of low energy amplitudes. The short range interaction contributes only to the distant singularities, and one knows little about both of them. How can one go further with by-passing the difficulty relating to the short range interactions? Fortunately, the total contribution from the distant singularities to the partial-wave amplitude or to the force function for low energy can be approximately described in terms of only the average, not local, properties of the distant singularities, because of the large distance between these singularities and the low energy physical region. In some of the Nj D calculations/), 2 ) all the distant singularities were substituted by a few fictional poles which were expected for the low energy region to give the contribution approximately equal to that of the actual singularities. The positions of the poles, however, can presumably be determined by a definite criterion which is independent of the local structure of actual singularities. This last fact is important because we have little information about the distant singularities. The residues of the poles are retained as the parameters of the theory and one can finally determine them by requiring the crossing symmetry for the low-energy partial-wave amplitudes. Detailed calculations along the line of thought described above recently been done for nN scattering, and some success has been obtained. 2 ),s) It is found in these calculations that the effective short range force required by the crossing symmetry in the sense mentioned above is very strong and attractive so that the nucleon pole as a zero of the D-function appears very close to the empirical mass of nucleon. The calculated nN coupling constant is also close to the empirical one. This result is certainly satisfactory. Nevertheless, we still have the following question: Can the actual distant singularities produce so strong attractive short range force as required by the crossing symmetry? To give an answer to this question we shall, in this paper, try to evaluate the asymptotic behavior of the force function of nN scattering. This asymptotic behavior is sensitively affected by the distant left-hand singularities. Of course, we have no new method to evaluate the distant left-hand cut directly. Instead, we shall utilize dispersion relations as the sum rules with which the integral over the left-hand cut, i.e. the force function, is described in terms of the physical amplitudes.*> In § 2, we shall give the preliminary discussion for our schema of calculations. First, we discuss the full amplitudes rather than partial wave amplitudes, and define the generalized force function which is a function of the squared energy sand cos{}. This discussion might clarify the situation we shall encounter. The force function for the partial wave amplitude is the partial wave projection of this function. *) The similar approach is found in recent papers. 4 ) In these papers, only the low energy behavior of the force function is investigated and the asymptotic behavior of this function is not derived but simply assumed. We saw these papers when we were almost finishing our work.
where R denotes the threshold of the right-hand cut.
When F(s, cos (}) satisfies an unsubtracted dispersion relation for fixed cos(}, we have
where L denotes threshold of the left-hand cut. However, we do not assume in this paper that F(s, cos (}) should satisfy the dispersion relation. Recent investigations of Regge pole models seem to suggest that F(s, cos {}) has an essential singularity at s= oo.
)
It is dangerous to assume a priori the dispersion relation 
BL(s)
In the bootstrap calculations, it was so far assumed that F~(s) satisfies the unsubtracted dispersion relation. However, a doubt has recently arisen; if F(s, cos(}) has an essential singularity at s= oo, F~(s) might also has the similar singularity. For generality, we then assume in this paper only the convergence of the integral over the right-hand cut, that is, the integral in (2 · 4). The lack of the relation such as (2 · 6) Because of the exponential decreasing of F(s, cos (}) for S-')-+ oo and -1 <cos 8<1, the denominator in the integrand of the right-hand side of (2 · 7) can be expanded by using the formal identity,
and We find that this integral generally gives the term 0 (s-1 ) for S-')-+ oo, SO that the first term on the right-hand side of (2 · 7), which is decreasing exponentially for S-')-+ oo, gives only a negligibly small contribution. Thus for large The asymptotic expansion can be used only in the region s>sc, the critical value sc may depend on cos (). In the next section, we shall see that this region is just given by t<-tc. Here t is the Mandelstam momentum-transfer variable and tc is a certain positive constant. In order to find what happens near the forward, one therefore needs to calculate the principal-value integral in (2 · 7) explicitly. After this integration, we change the variables from (s, cos ()) to (s, t), *) and calculate the asymptotic behavior for t fixed, t>-tc. For this case, the first term on the right-hand side of (2 · 7) cannot a priori be assumed to be negligible. The real-imaginary ratio of F is known only for t = 0. We have to make a certain assumption for the real-imaginary ratio for t=\=0. We shall find in the next section that this first term gives, for nN scattering, only nonleading contribution to the asymptotic form of B~ (s). After our investigations of the near forward region, it will be found that the dominant terms of B~ (s) for large s can be calculated again by using the asymptotic expansion (2 · 8 1 ); in terms of the center-of-mass scattering angle 0 in the s channel, t is given by t= -2qs
2 (1-cos ()), (3. 2) where qs 1s the center-of-mass momentum,**)
(3· 3) +N.
*) For the t fixed, one never changes the variable in the integrand. Such an integral has no connection with B (s, cos 0), because this integral is a part of the t-fixed dispersion relation but not of the cos {} fixed dispersion relation. **) The masses of nucleon and pion are denoted by M and p., respectively.
The partial-wave amplitude
which corresponds to the state with total isospin I, orbital angular momentum l and total angular momentum l ± t, is given by the formula
where (3·6) and Let us introduce the following amplitudes which correspond to the helicity non:flip and :flip amplitudes 9 ) except for a certain simple factor;
The helicity ± states form the two channels for the definite total angular momentum J; one can write four helicity partial-wave amplitudes in the matrix form, The transformation to the parity-definite states is generated by the unitary matrix (3 ·11) and applying this to the matrix (3 · 8), one finds
+I-hiJ+hiJ
for l=J+!.
b. Elimination of kinematical cut
From (3 · 5) and (3 · 6) , one sees that the partial-wave amplitude fz~ (s) has a kinematical cut which comes from the factor J--;., To 
The matrices (3 ·13) r'-./ (3 ·17) can be diagonalized by means of the unitary transformation (3 ·11), and we obtain the expressions for fz±; 
The B/s in (3 ·17) or (3 ·18) are obtained by performing the partial-wave projections similar to (3 ·10) on these Bi (s, cos 8). The force functions, BZ+ and Bcz+ll-, for the definite-parity partial-wave are found from (3 ·19) to be ( .Js B 1 + B2) and ( .JsB 1 -B2), respectively, and then we get finally
c. Contribution from diffraction scattering (3. 22) We start from the equations which are obtained by writing Eqs. (3 · 20) and (3 · 21) in the form corresponding to Eq. (2 · 7), The diffraction scattering may correspond to the first term on the right-hand side of (3 · 27) . The term C/ -ls seems to correspond to what should be represented by Regge pole terms in t channel. 12 ) Therefore this second term is neglected in this section and will be considered later as a correction. We further simplify the expression (3 · 26) by using the high-energy approximations; q 8
----t(s-so) and t-----~(s-so) with
Now we substitute (3 · 29) into (3 · 23) and (3 · 24), I.e. If we fix z (z=\::1), this expansion gives the asymptotic expansion of 11 which is a series of inverse power in s. The similar expansion is also obtained for 1 2 • It is noticed that the last terms on the right-hand side of (3 · 32) has already the definite s-dependence as v-
•
Collecting these expansions, we finally find the asymptotic expansions for Bi (s, z), These expansions are nothing but the asymptotic expansion discussed in § 2. In Fig. 2 , we plot values of the exact form of (v/n)-112 1 1 (s, z) and of first few terms of the expansion obtained by making use of (3 · 34). The latter is a good approximation of the former only for x larger than a certain critical value Xc; Xc'"'--'4, thus one sees that the expansion can be used only for It I >xc/ A, which is already mentioned in § 2.
The exact function changes its sign near t = 0 and diverges at t = 0 as r-.../ ( -t)-
Let us consider the partial wave projection; in terms of x, z = 1-2x/ Av; = ln oo and therefore we have the logarithmic term ln (As) Is as seen in (3 · 39). This contribution has a negative sign, and thus corresponds to the attractive force, and is o btained again by using the asymptotic expansion for the integrand. The other two terms on the right side of (3 · 33) give rise to the term 0 cs-
Using the numerical value for B in (3 · 25), I.e. There are many ambiguities in determining the amplitudes; we have two independent amplitudes h 1 and h 2 , we have no data to determine the phase of amplitudes. We then simply assume that Im h 1 has a following form,*) where we have taken 11~1. The right-hand side of (3 ·50) might give the possibly largest value for Im h 1 which is obtained under the situation that the cross section described by (3 · 4 7). Inserting (3 ·50) into the right-hand side of (3 · 23), we may find the possibly largest contribution from large angle scattering;
.Js B/i) ( on the *l Jm h 1 < 1 l represents the diffraction term, right-hand side of (3 · 33). We further obtain the p~rtial wave projection [see
Here, it should be noted that the formula (3 · 47) can be used only for 8<90°. This contribution is seen as more converging than the contribution from diffraction scattering, which appears as '"'-'Ins/ vi. However, the large coefficient on the right-hand side of (3 ·55) makes the former to become comparable to the latter at S""'-' 100 Be V
The large coefficient is due to the large value of L. When we calculate the integral (3 · 23), we have extrapolated the formula (3 · 48) or (3 ·54) into the low-energy region. There is especially in the case of the Orear formula a strong possibility that this extrapolation gives rise to a dangerous at high energy, s= lOr'-/20 Be V 2 , to give the correct order of the cross section, so that the simple extrapolation in the original form may give too large low-energy amplitude. For this reason, it should be considered that we have over-estimated m obtaining the result (3 ·55).
e. Other contributions
In the previous calculations, we have extrapolated the high-energy formulae, m their original forms, into the low-energy region so that the effects of the low-energy resonances could not be taken into account. Now we try to get certain improvement.
Let us go back to the formula (3 · 27). The term C/ J-s, which has been neglected in § 3c, seems to correspond to what should be represented by Regge pole terms in the t channel. 12 ) In Fig. 3 , the right-hand side of (3 · 27) is compared with the experimental values. It is found that (3 · 27) gives approximately a local average of the experimental curve in the lowenergy region. This is the socalled duality 17 ) discovered recently in the Regge pole theory.
If we take full Regge representations, such local averaging may realize in higher accuracy and be expected to hold even for t~O. Regge representations are not, however, used in this paper, because this representation introduces Ins term into the exponent of the expression similar to (3 · 25) , and this makes the integrations of (3 · 23) and (3 · 24) very much difficult. where we do not take A to be the same value with that for the diffraction peak; we wish Eq. (3 ·56) to be a certain approximation of the effective Regge term.
The A may be larger than a (the slope of the Regge trajectory) because this exponential term describes also a certain t dependence of the Regge residue; we then expect that 1 Be v-2 ;SA;S4 Be V-2 • For very large s, only the average, but not the local, properties of low-energy Im hi can determine its contributions to the integrals in (3 · 23) and (3 · 24) .
The difference between the actual low-energy amplitude and the locally averaging amplitude may consist of super-convergent amplitudes, and it may give only smaller terms for large s.
Inserting (3 ·56) into (3 · 23) and (3 · 24), and using (3 · 22), we obtain the following contribution to BL: 
Besides the above calculation which utilizes the duality, the correction to the force function from the low-energy integrals can roughly be obtained by taking into account only resonance peaks. For BL, the only remarkable peak is due to Pn (1440 MeV) resonance and this gives the contribution about + 0.3/ -Is which is consistent with (3 ·58).
Another contributions to be discussed are the first terms on the right-hand are shown and we see that !R! decreases as
.r--../s-1~ with n"2t. Although we have no data for t~O, the R may be insensitive to t for the near forward scattering. This is consistent with the pure diffraction model of very high-energy scattering, where we can hardly expect to have a sudden change of R, because of the homogeneity of the extended target particle. In order to find the order of the contributions, we shall simply assume that (3. 59) where R is considered to be independent of t, and the last expression is obtained from (3 · 29) .
Performing the partial wave projection (3 · 35), we get the contribution to the partial wave B-function to be const X Rs-112 ; the substitution of the relation, IRI rvs-n (n?t),
shows that this contribution gives only a non-leading term at most 0 cs-
Contrary to the simple assumption made above, if we get non-vanishing real amplitudes in the limit s= oo, which could happen possibly in large ltl, the contribution is still given as CRs- From the calculations in § 3, one finds the several interesting results:
(1) The diffraction scattering amplitude gives rise to the term which represents the existence of the attractive short range force.*) For the force function of the P 11 state, one sees from (3 · 46) that there is also the term having the minus sign (repulsive force) and for high energy, the force function is dominated by the attractive-force term.
(2) The contributions from the low-energy resonance amplitude is shown to be attractive force. (3 ·53) .] While in the case of the Orear formula, we have reached no definite conclusion; it is not impossible that the large angle scattering gives the contribution comparable to that from diffraction scattering.
( 4) The terms Re hi in (3 · 23) and (3 · 24) are negligible. The Veneziano model leads to the asymptotic behavior, for fixed cos 8, which is consistent with Krisch's formula but not Orear's. The super-convergent relations, the duality, and the possibility of rising trajectories are exhibited in terms of the Veneziano amplitudes. This model taught us how one can incorporate both Regge asymptotic behaviors in s-and t-channels in a consistent manner with the super-convergent relations. In this situation, one can predict unique asymp-*> The reason for the short range is due to the fact that the asymptotic behavior of the term has the factor, ln s, since if the main contributions come from the parts of the left-hand cut existing in the finite s-domain, one gets the asymptotic behavior to be at most ---....1/vs. totic behavior for fixed cos () and the result is consistent with Krisch's formula. This fact is very encouraging; we then take Krisch's formula as the most plausible one arid we can, in this case, ignore the contributions from large angle scattering; the force function for large s is therefore dominated by the first term of the diffraction scattering contribution (3 · 46) which shows an attractive force, since the second term is cancelled by the low energy correction (3 ·58), as mentioned already. Thus, we have an attractive force for the short range interaction between a pion and a nucleon in the P 11 state.
In order to see how strong this attractive force is, we compare the asymptotic form of our force function with that obtained in the NjD bootstrap calculation in reference 2). In that paper, the N and D functions were calculated but B Although the former gives larger values than the latter for s>SOO Be V\ it seems that the strength of our force function at high energy is somewhat weak, and a certain help of inelastic effects should be needed for producing the nucleon pole dynamically. From the above argument, one knows that our attractive short range force has a certain correlation with the mechanism of diffraction scattering. This is very interesting, because the diffraction scattering is common in all pseudo-scalar meson-baryon scattering processes and contributes to all partial-waves in nearly the same situation. The former fact means that the attractive short-range force can exist between pair of any pseudo-scalar meson and any baryon.
The latter predicts that we might still have an attractive short-range force for higher angular momentum states, of course it is weakened by a stronger centrifugal repulsion. This situation is seen in the difference between the right-hand sides of (3 · 44a) and (3 · 44b). It is very interesting to compare these predictions with the empirical facts that the present phase-shift analysis shows that there exist bound states and/ or resonances in most states, and that we have resonances in all pseudo-scal ar meson-bary on scatterings except for K+-N scattering.
Appendix I
The functions ln (s, z) and InCt) (s)
We first carry out integrations
for n=1, 2 and 3, where ~= (1-z)/2. The following formulae are very useful: 
From (A· 2) and (A· 3) we find that
Hereafter, we suppress the P-symbol. Thus, using (A· 3) and (A· 5) we obtain 
and interchanging the order of integrations we get 
+ -1 -[ci(dvsa)cos(dvso) +si(dvso)sin(dvsa)] }, (A·29) v+so where d=bJ1-z 2 and Ei(-x), ci(x) and si(x) are the exponential, cosine and sine integrals respectively. The partial wave projections of the first two terms are carried out in the same approximation as (A· 24), and for other three terms, we calculate numerically.
